In this paper, via the generalized Darboux transformation, the algebraic soliton solutions are derived for the parity-time-symmetric nonlocal nonlinear Schrödinger model with the defocusing-type nonlinearity. The first-order solution can exhibit the elastic interactions of algebraic antidark-antidark, dark-antidark, or antidark-dark soliton pair on a continuous wave background, but there is no phase shift for the interacting solitons. For the particular degenerate case, there appears only one segmented algebraic dark or antidark soliton. The higher-order algebraic solutions are also discussed, which shows that the higher-order terms just contribute to some small fluctuation in the near-field region. Some examples of algebraic soliton interactions are illustrated graphically.
Introduction
In classical quantum mechanics, a basic assumption is that the Hamiltonian operator should be Hermitian to ensure that every physical observable is associated with the real spectrum [1] . In 1998, Bender and Boettcher proved that a non-Hermitian Hamiltonian also has the real and positive eigenvalues provided that it meets the combined parity and time reversal symmetry (usually called the PT symmetry) [2] . Such pioneering work has led to the complex extension of quantum mechanics [3] . In general, a necessary condition for a Hamiltonian H =p 2 /2 + V (x) to be PT -symmetric is that the complex potential satisfies V (x) = V * (−x), wherep denotes the momentum operator [2] [3] [4] . Also, the notion of PT symmetry has been applied to other areas of theoretical physics, including Lie algebra [5] , complex crystal [6] , quantum chromodynamics [7] , Bose-Einstein condensates [8] , classical mechanics [9] , etc.
Due to the similarity between the paraxial equation of diffraction in optics and the linear Schrödinger (NLS) equation in quantum mechanics [10, 11] , it is regarded as that optics can provide a fertile ground for realizing and testing the PT -related concepts [10] [11] [12] [13] [14] [15] . The optical potential respecting the PT -symmetry can be realized in a complex refractive index distribution n 0 + n R (x) + i n I (x), where the real index profile n R (x) should be an even function while the gain or loss component n I (x) must be odd, and n 0 is a constant background index [10] [11] [12] . It has been shown that PT -symmetric optical structures can exhibit unique characteristics, like the double refraction, power oscillations, spontaneous PT symmetry breaking, nonreciprocal diffraction patterns, and unidirectional invisibility [11] [12] [13] [14] [15] . In experiment, the PT -symmetry breaking within the realm of optics has been observed [14, 15] , which has stimulated the development of PT optical materials and optical elements [16, 17] .
In nonlinear optics, the PT symmetry has received intensive attention in last few years [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
Musslimani et al have first suggested the existence of optical solitons with the presence of the Scarff II potential and periodic PT -symmetric potential [18] . Later on, a lot of work has been devoted to the existence of and stability of nonlinear modes in different PT -symmetric nonlinear systems, like the fundamental and higher-order solitons in the Gauss [19] , harmonic [20] and Rosen-Morse [21] PT -symmetric potentials, gap solitons [22] and defect solitons [23] in periodic PT -symmetric potentials, localized modes supported by the PT -symmetric nonlinear lattices [24] , lattice solitons in PT -symmetric mixed linear-nonlinear optical lattices [25] , vector solitons [26] , breathers [27] and rogue waves [28] in PT -symmetric coupled waveguides. Meanwhile, researchers have studied the effects of nonlinearity on the PT -symmetry breaking [29] and dynamical characteristics of beam in PT -symmetric optical nonlinear systems [30] .
Lately, Ablowitz and Musslimani proposed the following PT -symmetric nonlocal nonlinear Schrödinger (NLS) equation [31] ,
which is obtained from the standard NLS equation by replacing |u| 2 u with u(x, z)u
where u(x, z) denotes the electric field envelope, z is the spatial coordinate along the propagation axis, x is the transverse coordinate, and ε = ±1, respectively, denotes the focusing (+) and defocusing (−) nonlinearities, and the star signifies complex conjugate. The PT symmetry of Eq. (1) is referred to as that the self-induced potential V (x, z) = u(x, z)u * (−x, z) exactly satisfies the relation V (x, z) = V * (−x, z), while the nonlocality can be understood as that the value of the potential V (x, z) at x requires the information on u(x, z) at x as well as at −x [32] . Eq. (1) is integrable in the sense of admitting the Lax pair and an infinite number of conserved quantities, hence its initial-value problem can be solved by the inverse scattering transform (IST) [31] . In addition, the integrability of the discrete version of Eq. (1) has also been established [32, 33] .
In contrast with the standard NLS equation, the PT -symmetric nonlocal NLS model has many different properties. For the focusing case, Eq. (1) enjoys both the static bright and dark solitons [32, 34] , but its moving soliton obtained by the IST method contains a singularity [31] . In the defocusing case, via the elementary Darboux transformation (DT) we have revealed the nonsingular exponential soliton solutions on a continuous wave (cw) background [35] . Very differently, such exponential solitons in general appear in the dark-dark, antidark-antidark, antidark-dark or dark-antidark pair and can exhibit the usual elastic interactions. Unlike the NLS equation, Eq. (1) does not keep the invariance under the Galilean transformation. Accordingly, any shift in the transverse coordinate x will lead to the instability of the solution, which has been confirmed by numerical simulation [32, 35] .
As a continuing work of Ref. [35] , in this paper we will generalize the elementary DT and further reveal the algebraic soliton phenomena in Eq. (1) with ε = −1 on the cw background.
Currently, the generalized DT developed by Matveev [36] has been widely used to derive the rogue wave solutions (which are algebraically localized in any direction of the temporal-spatial plane) of the NLS-type models [37, 38] . However, the rational solutions obtained in this work are localized along the straight lines in the xz plane, and can display the profiles of the common exponential dark and antidark solitons. Therefore, we call such two types of nonlinear wave structures as the algebraic dark (AD) and algebraic antidark (AAD) solitons, respectively. Different from the exponential soliton solutions obtained in Ref. [35] , the first-order algebraic solution exhibits only the elastic interactions for the AAD-AAD, AD-AAD, or AAD-AD soliton pair and the interacting solitons do not experience the phase shift. We also find that the higher-order algebraic solutions do not describe the elastic interactions among more number of fundamental AD or AAD solitons because the higher-order terms just contribute to some fluctuation in the near-field region.
The structure of this paper is arranged as follows: In Section 2, we will construct the generalized DT based on the elementary one in Ref. [35] . In Section 3, we will derive the algebraic soliton solutions and discuss the relevant dynamical properties. In Section 4, we will conclude this paper.
Generalized Darboux transformation
The Lax pair of Eq. (1) can be written in the form [31] 
where Ψ = (ψ 1 , ψ 2 ) T (the superscript T represents the vector transpose) is the vector eigenfunction, λ is the spectral parameter, and Eq. (1) can be recovered from the compatibility condition
Based on the work in Ref. [35] , the N-th successively-iterated elementary DT for Eq. (1) can be constituted by the eigenfunction transformation
and the potential transformation The functions a n (x, z),
where
T are, respectively, the solutions of Lax pair (2a) and (2b) with λ = λ k and λ = λ * k . In particular, via Crammer's rule, the functions b N (x, z) and c N (x, z) can be obtained in the determinant form
where the block matrices
We note that the elementary DT does not apply to the degenerate case when
For such degenerate case, the functions a n (x, z),
can not be uniquely determined because the coefficient matrix in Eq. (5) is singular. To overcome this problem, we
T corresponds to the solution of Lax pair (2a) and (2b)
Via the idea of Matveev's generalized DT [36, 37] , we expand the elements in the block matri-
with
Taking the limit ǫ i → 0, one can find that the coefficient matrix in Eq. (5) is no longer singular, which means that all the undetermined functions in T [N] can be uniquely solved. Thus, the new potential transformations are given as follows:
and
Therefore, the eigenfunction transformation (3) and potential transformation (9) constitute the generalized DT for Eq. (1) when considering some of the spectral parameters {λ k } N k=1 coincide with each other. It is obvious that the elementary transformation (4) corresponds to the particular case of the generalized one (9) when n = N. In order to avoid the triviality of the DT, we must require λ k cannot be a pure imaginary number.
Algebraic solitons on a cw background
In this section, we will use the generalized DT to construct the nonlinear localized wave solutions on a cw background. It is easy to find that Eq. (1) admits the plane wave solution [35] 
where ρ and φ are two real parameters. Substituting Eq. (12) into Lax pair (2a) and (2b) with
, we obtain f k and g k as follows: 
where s j 's are arbitrary complex numbers.
A. First-order algebraic soliton solution
By truncating the expansions in Eqs. (8a) and (8b) at j = 1, we obtain the first-order algebraic solution as follows:
where ξ = x + 2 σρz, η = x − 2 σρz, K = 2ρs 1 + iσ and σ = ±1. It can be proved that solution (14) has no singularity if and only if the parameter s 1 obeys the condition:
Under this condition, we make an asymptotical analysis of solution (14) so as to make clear the dynamical behavior underlying in the solution.
First, we obtain the asymptotical expression of solution (14) along the line x + 2 σρz ∼ 0 as |z| → ∞ as follows:
For the cases σs 1I > 0 and σs 1I < 0, the intensity |u Second, we derive the asymptotical expression of solution (14) along the line x − 2 σρz ∼ 0 as |z| → ∞ as follows:
Here, the intensity |u
1 | 2 can also display the AD and AAD soliton profiles, which are associated with 1 + σρs 1I < 0 and 1 + σρs 1I > 0, respectively. In this case, both the AD and AAD solitons are localized in the line x − 2 σρz + s 1R = 0, and thus their velocities are given by v 2 = 2 σρ.
The height of |u 
is an algebraic black soliton; while for 0 < ω 2 < π 2
), it represents an algebraic grey soliton. 1 exists and also takes the AAD type [see Fig. 2(b) ]. However, in either of the two degenerate cases, solution (14) can not be regarded as the conventional single soliton because there exists a segmentation between the asymptotic solitons as z → ±∞. (14) 
B. Higher-order algebraic soliton solutions
With the truncation of Eqs. (8a) and (8b) at j ≥ 2, we can further obtain the higher-order algebraic solutions. However, unlike the exponential soliton solutions on the cw background [35] , the higher-order solutions do not describe the interaction among more number of AD and AAD solitons. Taking j = 2 as an example, we find that the second-order solution (the expression is omitted here to save space) has no singularity and can exhibit the finite-amplitude localized wave structures when the imaginary parts of s 1 and s 2 satisfy the condition:
Similarly, the asymptotic analysis shows that there are two asymptotical expressions along the lines x + 2 σρz ∼ 0 and x − 2 σρz ∼ 0 as |z| → ∞ which are, respectively, given as follows:
where ξ and η are defined below Eq. (14), the intensity profies of u 
Conclusions
In conclusion, we have studied the algebraic soliton phenomena on the cw background for the PTsymmetric nonlocal NLS model with the defocusing-type nonlinearity. We have constructed the generalized DT and derived the nonsingular algebraic solutions starting from a cw solution. For the first-order algebraic solution, we have revealed the elastic AAD-AAD, AD-AAD and AAD-AD soliton interactions but there is no phase shift for the interacting solitons. Also, we have discussed the degenerate case in which there appears only one segmented AD or AAD soliton. We have found that the higher-order algebraic solutions do not exhibit the elastic interactions among more number of fundamental algebraic sotlions, but the higher-order terms contribute to some small fluctuation in the near-field region. We believe that these results will enrich the soliton dynamics in the integrable PT -symmetric nonlocal NLS equation. 
